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1 Introduction 



Considering a problem in quantum statistical mechanics and solid state physics Lifshits |21] found 
that there is a unique real- valued function ^(•) € L^{M.,dX) such that the formula 

ti{<^{Ho + V)~^Ho))^ f ^(A)$'(A)dA (1.1) 

Jr 

is valid for a suitable class of functions <&(•) guaranteeing that ^{Hq + V) — $(i?o) is a trace class 
operator. Here Hq is a self-adjoint operator and ^ is a finite dimensional self-adjoint operator. 
Formula (jl.ip and function ^(•) arc known in the literature as trace formula and spectral shift 
function, respectively. 

Inspired by the work of Lifshits the trace formula was carefully investigated and generalized 
by Krein, cf. [T7]- In a first step Krein has shown that Lifshits' result remains true if is a self- 
adjoint trace class operator. Later on he generalized the result to pairs of self-adjoint operators 
S = {H, Hq} such that their resolvent difference is a trace class operator, cf. [TS]. In the following 
we call those pairs trace class scattering systems. For trace class scattering systems there exists a 
real-valued function ^(•) € j-f^) called also the spectral shift function such that 

tr - $(Ho)) = / e(A)$'(A)dA (1.2) 

JR 

is valid for a suitable class of functions $(•). In particular, the formula 

tr {{H - z)-i - (i/o - z)-^) = - / j^^dX, z e C \ M, 

Jr ~ z) 

holds. In contrast to the spectral shift function from above ^(•) is now not unique and is only 
determined up to a real constant. To verify p.2p Krein firstly proved a trace formula (|l.ip for a 
pair hi = {U, Uq} of unitary operators for which U — Uqis a. trace class operator, cf. [IH]. Regarding 
U and Uq as the Cay ley transforms of H and Hq, respectively, Krein was able to establish (|1.2p . 
If 5 = {H, Hq} is a trace class scattering system, then the wave operators 

W±{H,Hq) ^ s- Mm e''" e~''"° P^'^Hq) (1.3) 

exist and arc complete where P'^'^{Hq) is the projection onto the absolutely continuous subspace 
of Hq, see [3]. Let Il{H§'^) be a spectral representation of the absolutely continuous part Hq'^ of 
Hq, cf. Appendix ICl Further, let {S'(A)}agk be the scattering matrix of the trace class scattering 
system S with respect to n(_ffQ^). It turns out that there is a suitable chosen spectral shift function 
^(•) such that the so-called Birman-Krein formula 

det(5(A)) = e-2"*«^l 

holds for a.c. A G K. 

The quantity r(A) := -^{Itjix) — 'S'(A)), A e M, is usually called the transition matrix, see 
(|D.12p . where Itf{x) denotes the fiber identity operator of the spectral representation Il{H§'^). 
In [53] Radulescu has shown that the transition matrix {T(A)}agr, the unperturbed operator Hq 
and the perturbation V are related in a certain way. Indeed, if Hq is bounded and V is trace class, 
then the formula 

tY{H'Q'W+{H,HQ)V)^ / A"tr(T(A))dA, n = 0,l,2,..., 

JR 

is valid. 

It turns out that the so-called Landauer-Biittiker formula is a further interesting example in 
this circle of relations linking scattering matrix, unperturbed operator and perturbation. From 
the physical point of view the Landauer-Biittiker formula gives the steady state charge current 
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flowing trough a non-relativistic quantum device where the carriers are not self-interacting. It 
goes back to Landauer and Biittiker, cf. |20| and [B], and was initially derived by them using 
phenomenological arguments. 

The physical setting is as follows: there is a small sample (the inner system) and at least 
two leads (for simplicity we only discuss the two lead case). At negative times, the leads are not 
coupled to the inner system. Each subsystem is in a state of thermal equilibrium. In particular, one 
assumes that in the leads the electrons arc distributed according to the Fermi-Dirac distribution 
function. More precisely, if fij are the chemical potentials of the left and right leads, j S {l,r}, 
then the energy distribution of lead j is fj(X) = /f_d(A — /ij) where: 

.fFD{\) = -^-^. AgR, /3>0. (1.4) 

At time zero the leads are suddenly attached to the inner system and a current can flow from one 
lead to the other through the inner system. Landauer found by heuristic arguments (later refined 
by Biittiker) that the stationary current J of non-relativistic particles flowing through the system 
should be given by 

f dX \a{X)\\X){fFD{X - - fpoiX - fir)) (1.5) 

where cr(A) is the so-called transmission coefficient between the leads, a cross-section arising from 
an appropriate scattering system, and e > is the magnitude of the elementary charge. The 
current is directed from left to right if J > and from right to left if J < 0. li > ^r, then 
a straightforward computation shows that J > which shows that the charge current is directed 
from the higher chemical potential to the lower one. 

Several works have already been published in which this approach has been made rigorous, 
cf. pilB HT^I^ . One assumes that at negative times the system is described by (a decoupled) 
Hamiltonian Hq, while for positive times by (a coupled Hamiltonian) H. Until now it was always 
assumed that both Hamiltonians are bounded from below and that the difference between their 
resolvents raised to some integer power is trace class. 

Since our paper only deals with operator theoretical aspects of quantum transport of quasi-free 
particles, some of the terminology used in quantum statistical mechanics will be strictly adapted 
to our limited needs. For us, a density operator is just any non-negative bounded operator. A 
density operator p is an equilibrium state of Hq if it is a positive function of Hq. A density operator 
p is called a steady state of Hq if p commutes with Hq. Note that with our definition, equilibrium 
states are steady states. If Hq is a decoupled direct sum of several operators hj, then a direct 
sum of individual equilibrium states ® Fj{hj) would provide us with a special class of steady 
states of Hq. 

A charge is any bounded self-adjoint operator Q commuting with Hq. Following [1], the steady 
current Jfq related to a charge Q and a given initial steady state p of Hq is proved to be given 
by 

'p.Q 

provided the commutator [H, Q] is well defined and H has no singular continuous spectrum. 
Following [T| the current is directed from the leads to the sample. If the commutator is not well 
defined, a regularization procedure was proposed in [l]. It consists in replacing the operators H 
and Hq by bounded self-adjoint operators 

H{,-i) :- H{I + 7?if)-^ and Hq{i-,) :- Hq{I + r/i/o)""^, > 0, (1.7) 

for some large enough N , where for simplicity it is assumed that both operators are non-negative. 
Of course, S{vi) = {H {vi) , HQ{rf)} is also a trace class scattering system for which the current J^^q 
is well defined. Finally, one sets 



Jin -*tr(VF_(i/,i/o)pVF_(F,ffo)*[ff,g]) (1-6) 
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Wc note that the absolutely subspace i5°'^(iJo) reduces the initial steady state and the charge 
operator. Let 

Pac ■■= P \ fr^iHo) and Qac ■■= Q r ^0"'(^o) (1-9) 

The restrictions pac and Qac commute with the absolutely continuous component Hq'^ of Hq. 

Let n(i7Q^) be a spectral representation of the absolutely continuous part H§'^ of Hq, cf. 
Appendix [C] Since the components pac and Qac commute with H§'^, they are unitarily equivalent 
to multiplication operators induced by some density and charge fiber matrices {pacW}x<£R and 
{Qac{^)}\es. in n(i/Q^), respectively. In [T] it was proved that the current J^q admits the 
representation 

J^,Q ^^JjXtl {paciX) (QacW - S {X)* Q ac{X) S {X))} . (1.10) 

The formula (jl.lOp can be called the abstract Landauer-Biittiker formula. The formula (|1.10p is 
not identical with the traditional Landauer and Biittiker formula (jl.Sp . However, it was shown 
in [1] that formula (fTS]) follows from (jl.lOp . 

The aim of the present paper is to extend the representation (|1.10[) to situations where the 
operators H and Hq might not be bounded from below. Using the intertwining property of the 
wave operator and the trace cyclicity, one can rewrite the current J^q in the following form: 

-itviW^iH, Ho)iI + Hl)pW^{H, H^Y{H - t)-^[H, Q]{H + i)-^). (1.11) 

It turns out that (jl.lip can be expressed in a different form using the Cayley transforms 

[/= (i-i7)(i + F)-^ =e2"^'=*^'^(^) and J/q = (i - iJo)(i + i^o)"^ = e^*''"*''"'^''^ 

of H and Hq, respectively. Under the condition that V -.^ U — Uq = 2i{{i + H)^^ ^ (* + Hq)^^) 
is a trace class operator we have 

VL±{U,Uq) := s- lim V^Uq" P^^iUo) = iy±(2 arctan(iJ), 2 arctan(i7o)) = W±{H,Ho), 

n— >-±oo 

where in the last equality we used the invariance principle of wave operators. Moreover, using the 
identity 

-'-U*[U-Uo,Q] = iH -t)-'[H,Q]iH + t)-' 
the current can be rewritten as 

J^,Q:=-fv{n^iU,Uo)pU*n^{U,Uor[V,Q]), V:^U-Uo, p:^{l + H^)p, (1.12) 

where everything only depends on the unitary scattering system U := {U,Uo}. Following Birman 
and Krein [31[TH] we start with the abstract unitary scattering system U := {U, Uq} where V = 
U — Uq is trace class operator, p is an initial steady state and Q a charge both commuting with 
L^o- Their restrictions to the absolutely continuous subspace of Uq are denoted by pac and Qac, 
respectively. Using a spectral representation of Uq, we denote by {S'(C)}ceT, {PaciC)}ceT and 
{'3ac(C)}c6T the scattering, density and charge fiber matrices of S* = V,+ {U,Uo)*i^-{U,Uo), Pac 
and Qac, respectively. We also suppose that the singular continuous spectrum asdU) of U is 
empty (note that we allow asdUa) ^ 0). Then it will be proven in Theorem 13 . 71 and in Corollary 
that the current in (jl.l2p admits the representation 



jU 



- / tr{p,,(C) [Qac{0-S{CrQac{C)S{C,))]dv{0 

I I (1-13) 

— y tr {(p„,(C) - ~S{Qpac{OS{Cr) Qac] du{0, 



where v is the Haar measure with viT) = 27r. 



4 



More importantly, from the second formula above we see that if p is an equilibrium state, 
i.e. some non-negative function f{Uo), then it is a scalar multiplication with /(<^) on each fiber 
()(A) and thus commutes with S{C) almost everywhere. This shows that the current is zero at 
equilibrium. Moreover, we can use this to renormalize the current by subtracting zero in the 
following way: 

J"q = i / { (/^-(O - hOhic)) (^-(0 - siCTQaciOSio) } di^ic). (1.14) 

Going back to the self-adjoint case via the Cayley transform, we have to change the torus with the 
real line by the transformation C = e^' . Hence, replacing p(^e'2ia.rctiin(\)^ _|_ A2)p(A) 

and introducing QacW ~ Qac(e^*''"'™(^)) and ^(A) 5'(e2*a'-ctan(A)-) obtain 

Jp,Q^Y- I rf^tr{(p,,(A)-/(A)/„(,)) (0ac(A)-^(A)*0„,(A)5(A))}. (1.15) 

This formula is very useful in the relativistic situation when pac{^) can loose its decay in A at — oo, 
as it happens with the Fermi-Dirac distribution. In that case we see that Pac(A) — ./fzj (A)/f,(A) 
still decays exponentially at ±oo and the current will be finite. 

Let us make the following remarks: 

• Our main technical result is formula (jl.l3p , proved in Theorem 13.71 It can be seen as an 
abstract Landauer-Biittiker formula for unitary scattering systems. 

• Formula ([TTTO)) is proved in Theorem 13.91 which is an extension of the result in |22] , where 
V .= H — Hq E was assumed. 

• Another result related to Theorem 13.91 was proven in [T] where the current was defined 
through a regularization procedure. There the operators H and Hq were replaced by H{1 + 
r]H)~^ and Ho{l+r]Ho)~^ , respectively, and the limit 77 — >■ -1-0 was taken outside the trace. 
Using our approach via the Cayley transforms one gets a definition of the current (see (|1.12p 
or (|l.lip ) which avoids any regularization. Since the Cayley transform does not require Hq 
and H to be bounded from below, it allows us to derive Landauer-Biittiker type formulas 
for self-adjoint dilations of maximal dissipative Schrodinger operators and Dirac operators 
with point interactions at zero, see Section |4l 

• Our result is stronger that that one of [1]. At first glance it seems to be that the condition 
{H + 6')-^ - {Hq + 0)-^ e £i(io) assumed in [J for some e N and 6* > is weaker than 
our condition {i + H)^^ ^ (* + Hq)^^ e £i(i5). Nevertheless, the result of [1] follows from 
Theorem 13.91 Indeed, let us assume for simplicity that H > I and Hq > / as well as 6* = 0. 
A straightforward computation shows that the representation 

if I -\- H^^ \ 

Jp,Q - -^tr [w.iH,HQ) pW.{H,HQnH'' z)-i[i/^, g](i/^ + i)-i j (1.16) 

is valid provide (/ + Hq^^)p is a bounded operator. Therefore, considering the trace class 
scattering system S = {H^ , H^^ , we find 

where the invariance principle for wave operators was taken into account. Finally, apply- 
ing Theorem 13.91 to J~ g we get a Landauer-Biittiker formula for the scattering system 

iS = \H^ ^Hq^ with respect to a spectral representation of (H^)'^'^. However, from the 
spectral representation of (H^)'^'^ one easily obtains a spectral representation of Hq'' which 
immediately implies the result of [T]. 
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• We can extend Theorem 3.9 to some situations where H and i/p are not bounded from below 
and {H + — [Hq + is not trace class. Namely, if belongs to the resolvent set of 
both H and Hq, and if there exists an odd integer TV such that — H^^ is trace class, 

then the invariance principle can still be applied and formula (1.16) (see also (1.12)) still 
makes sense. The general case remains open. 

The paper is organized as follows. In Section [5] we review some well known results related to 
non equilibrium steady states and currents, and extend them to the case of non-scmibounded 
self- adjoint operators and H . The main goal is to rigorously justify formula (|1.12p . 

Section [3] is devoted to the proof of the abstract Landauer-Biittiker formula l|1.13p , at first for 
unitary operators, cf. Section [HTTl and then for self-adjoint operators, cf. Section [321 

In Section 2] we give several examples. Finally, in order to make the paper self-contained we 
have added Appendices \K\ and [Bl [Cl on spectral representations of unitary operators, and Appendix 
|D]on the scattering matrix of unitary operators. 

Notation: By S)°''^{U) we denote the absolutely continuous subspace of a unitary operator 
U defined on S^. The projection from S) onto \)°-'^{U) is denoted by P°-'^{U). The corresponding 
absolutely continuous restriction of U is denoted by U"''^ := U \ ^°''^{U). The singular subspace 
of a unitary operator U is defined by S)^{U) := Q S)°''^{U), the corresponding singular part by 
U" ;= U \ io*(C/). A similar notation is used for self-adjoint operators. 

Furthermore the real axis and the unit circle are denoted by M, and T respectively. The open 
unit disc is denoted by B := {C e C : |C| < 1}- 



2 Steady states and currents 

Let Hq be a self-adjoint operator and let p be a steady state for Hq. Furthermore, let us assume 
that at t < the system is described by the Hamiltonian Hq and the steady state p. At t = we 
switch on a coupling such that the system is now described by the Hamiltonian H. The state p{t) 
evolves according to the quantum Liouville equation 

t^ = [H,pit)], t>0, p{0) = p, 

which has the weak solution 

p{t) = e-''" pe''" , t>0. 

The operator p{t) is a density operator, but not a steady state for H. However, one can produce 
a steady state by taking an ergodic limit as in [T]. It turns out that Theorem 3.2 of [T] remains 
true even if H and Hq are not semibounded; for completeness we formulate and prove below the 
result. 

Proposition 2.1. Let Hq be a self-adjoint operator and let p he a steady state of Hq. If H 
is another self-adjoint operator such that {H -{- i)~^ — {Hq + i)^^ is a trace class operator and 
asc(,H) = 0, then the limit 



1 r 

P+ s- lim - / p{t)dt 
T^oo T Jq 

exists and is given by 



(2.1) 



p+^W^iH,HQ)pW.iH,HQr + EH{{Xk})pEH{{Xk}) (2.2) 

where Eh{-) is the spectral measure of H and ap{H) denotes the point spectrum of H , cf 
Theorem 3.2]. Moreover, p+ is a steady state of H. 
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Proof. Wc use the representation 

p{t) = e-'*" e''"° pe-'*""e'*" P'^^H) + e^''" pe'*" PP{H), t > 0, 

where PP{H) denotes the projection onto the subspace spanned by the eigenvectors of H. Notice 
that PP{H) ~ P'^{H) where P^{H) is the projection onto the singular subspace of H. Since the 
resolvent difference is a trace class operator one gets 

s-lim i / e-''"e'''"°pe-''""e''"P°-''{H)dt^W-{H,Ho)pW-{H,Ho)*. 

T^oo 1 Jq 

Let Afc e ap{H). We find 

If / = (F - Afe).9, g e doni(iJ), then 

which yields 



lim - f e"'"^"-^"'' fdt = 

^->00 T Jq 



T~>oo T Jo 

Since ran(iJ — Xk) is dense in Eh{^ \ {Xk})Sj we verify that 

lim i r e-^'("-^-^EH{R\{Xk})dt = 

Finally, using the decomposition 

e-^'"pe^'"EHi{Xk}) = e-^*("-^''^EH{R\{Xk})pEH{{X,})+ 
EH{{Xk})pEH{{Xk}), t > 0, 

which proves 

s- lim i / e-''''p^'"EH{{Xk})dt = EH{{Xk})pEH{{Xk}). 

T-S-OO T Jq 

Using that we immediately prove (|2.2p . □ 



Formally, the current Jp q is defined by 

Jp.Q = -^p+m,Q]) = -itr(p+[H,g]), 

where Ep^ (•) the expectation value of an observable with respect to In general, the definition 
might be not correct because either the commutator [H, Q] is not well-defined or the product 
p+i[H, Q] is not a trace class operator. To avoid such difficulties we set 

jf^qiS) -Ep^{iEh{5)[H,Q]Eh{S)) = -itiip+EH{5)[H,Q]EH{S)) (2.3) 

where S is any bounded Borel set of M. Furthermore, Eh{S)[H,Q]Eh{S) is a well defined trace 
class operator for any bounded Borel set S. Indeed, using the representation 

Eh{S)[H,Q]Eh{5) = {H-i)Eh{S)KEh{S){H + i) (2.4) 

where 

K ■.^{H-ty^[H,Q]{H + i)-^ = {H + i){H -i)-\{H + i)-\Q] (2.5) 
=(/ + 2i{H - i)-^)[{H + i)-^ - {Ho + iy\Q] 
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is trace class. Wc get that Eh{S)[H,Q]Eh{S) is a trace class operator for every bounded Borel 
set 5. We set 

provided the limit exists. We show this now. 

Proposition 2.2. Let Hq be a self-adjoint operator and let p be a steady state for Hq and let H 
be a self-adjoint operator. Further, let Q be a charge for Hq- If the resolvent difference of H and 
Hf) is a trace class operator, asdH) ~ and (I + H^)p is a bounded operator, then the current 
JpQ is well-defined and admits the representation (jl.lip . 

Proof. Inserting (|2.4p into (|2.3p we get 

jf^QiS) := ^tr(p+(ff - i)Eh{5)KEh{5){H + i)) 
where K is a trace class operator defined by p.Sp . Using (j2.2|) we get 

J%q{5) ^ -iir{W^{H,H,,)pW^{H,H,,r {H - i)EH{5)KEH{5){H + i)) 
-*E, . ^tT{pEH{{\k}){H~t)K{H + z)EH{{Xk})). 

Since EH{{\k])KEH{{\k}) - we find 

Jiqi^) = ~itr{W-{H,H^){Hl + I)pW^{H,H^YEh{5)KEh{5)), 
where we have used that (H'^ + I)pvs, a bounded operator. Then the limit in ([2]) exists and equals: 

JIq = -ztr(M^_(iJ, Ho){Hl + I)pW.{H, HoTK). 
Note that (|2?5|) coincides with (fTTT]) . □ 

3 Landauer-Biittiker formula for unitary scattering systems 
3.1 Unitary operators 

Let us recall that we consider two unitary operators U and Uq such that U ~ Uq is trace class, 
and a bounded self-adjoint operator Q commuting with Uq is called a charge. Thus any charge Q 
is reduced by io°'^(J7o) and Sj''{Uo). In other words, Q admits the decomposition Q = Qac © Qs 
where Qac := Q \ ^'^'^{Uq) and Qs ■= Q \ ^^{Uq). Notice that the restrictions Qac and Qs might 
not be identical with the absolutely continuous and singular components Q°'^ and Q*, respectively. 

Let n(C/o"'=) = {L2(T, dv{C), ()(C)), M, $} be a spectral representation of US'", cf. Appendix H 
Since Qac commutes with Uq'^ there is a measurable family {Qac(C)}c6T of bounded self-adjoint 
operators acting on such that 

I' - sup ||Qac(C)b(ll(C)) = WQachis-,) 

and Qac — ^~^Mq <I> where Mq is the multiplication operator induced by {Qac(C)}ceT in 
L2(T,dKC),()(C))- 

A non-negative bounded self-adjoint operator p commuting with Uq is also called a density 
operator and admits the decomposition p = pac ® Ps- The part pac is unitarily equivalent to the 
multiplication operator Mp^^ induced by a measurable family {paciC)}ceT of non-negative bounded 
operators acting on f)(C) and satisfying - sup^g^ l|Pac(C)|lh(C) = \\Pac\\s) in L^{T, dv{C,), t)(C)). 

Let S = {U, Uq} be an £i-scattering system. Further, let Q be a charge and let p be a density 
operator. In this case we define the current J for S by 

J := -^tv{n.pU;n*_[V,Q]) (3.1) 
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where V ^ U — Uo is trace class and [V, Q] = VQ — QV. The main result of this section (see 
Proposition [X5]) will show that only the absolutely continuous restriction of Q contributes to the 
current: 

J = := -hTin.pU*n*_[V,Qac])- (3.2) 
Before that, we need a series of lemmata. 

Lemma 3.1. Let Uq be a unitary operator on and let Q he a charge. Then admits an 
orthogonal decomposition 

e 

kemk 

reducing Uq and Q such that Uk Uq \ S^k, k G N, has a constant spectral multiplicity function 
and Qk '■= Q \ commutes with Uk, fc G N. 

Proof. Let n([/o) = {i^(T, dfi{C), i{C)),M, ^} be a spectral representation of Uq, cf Appendix El 
and let Mult(C) := dim(£(C)) be the spectral multiplicity function of Uq. We set Ai := {C €! T : 
Mult(C) = 00} and {C £ T : Mult(C) = fc - 1} if A: > 2. Let Eoi-) be the spectral measure 

of Uq. We set Sjk '■= Eq{/S.}S)S). Obviously, each subspace j^^^ reduces Uq and Q. Moreover, the 
unitary operators U^ defined on i^j, are of constant spectral multiplicity. □ 

Next we are going to show that Q can be approximated by a sequence of self-adjoint operators 
with pure point spectrum. 

Lemma 3.2. Let Uq he a unitary operator on of constant spectral multiplicity and let Q he 
a charge. Then there is a sequence {QmlmeN of charges with pure point spectrum satisfying 
s-lim,„_>oo Qm = Q and ||Q,„|ii5 < \\Q\\s--, + 1. 

Proof. Since Uq is of constant spectral multiplicity Uq admits the spectral representation Il{Uo) ■— 
{I/^(T, (i/i(C), 4), M, where { is independent from C G T. If Q is a charge, then there is a 
measurable family {Q(C)}^gT of bounded self-adjoint operators satisfying A* ~ sup^g.j||(5(C)||{ = 
IIQIIi^ such that Q is unitarily equivalent to the multiplication operator Mq in i^(Tr, /^(C), 4). 

Since {Q{C)}(<£T is a measurable family of self-adjoint operators there is a sequence {(5m(C)}ceT 
of simple functions such that 

s- hm Q™(C) -Q(C) (3.3) 

ni-^oo 

for a.c. C with respect to fi. We recall that Qm(') is simple if it admits the representation 

QmiO = Yl (OQna, C e T, Q,„, = q:„, g »(t), 

where {6,ni} are disjoint Borel subsets of T satisfying IJ^ 6mi = T for each m G N and J^i is finite. 
Without loss of generality we can assume that the condition 

llQinCC)!^- < A* - sup j|Q,„(7?)||{ 

is satisfied for each m G N. 

By the v. Neumann theorem [TSl Theorem X.2.1] for each self-adjoint operator Q,ni there is 
a self-adjoint Hilbcrt-Schmidt operator Dmi such that ||-Dmi|l-C2 — m ^^'^ Qmi ■= Qmi + Dmi is 
pure point. Setting 

QmiO = iOQral, C G T, Q„u = Q*„^i G »(«), 

one easily verifies that 

s- hm Q™(C) =Q(C) 

for a.e. C G T with respect to ^. We note that s-lim„i->.oo Mq^ = Mq. Moreover, the spectrum of 
Mq^ is pure point for each to G N. Setting Q,n := ^'"^Mq^vI' we find that s-\imm^oo Qm = Q- 
Moreover, each operator Qm commutes with Uq. □ 
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Lemma 3.3. Let Uq be a purely singular unitary operator (i.e. the absolutely continuous compo- 
nent is absent) on the separable Hilbert space f). Then there is a sequence {Un}n<£N of unitary op- 
erators with pure point spectrum such that Uq — Un G £i (io), n €z N, and lini„_j.oo ||CA) ~ C^nlUi = 0- 

Proof. Let us assume that ker(J7o + /) = {0}. Wc introduce the self-adjoint operator 

HQ = iiI-Uo)iI + Uo)-'. 

Since Uq is singular the self-adjoint operator Hq is also singular. By Lemma 2 of [7] for each n E N 
there is a self-adjoint trace class operator £)„ satisfying HDnll < such that i7„ := Ho + Dn is 
pure point. Hence, the unitary operators 

have pure point spectrum. Since 

Uo - Un = 2iii + Hn)-^Dn{i + Ho)-\ neN, 

we get 

llC/o-C^nlUi <2||A^|l£l < neN, 

n 

which yields s-lim„^oo ||C^o ~ C^nllci = 0- 

If the condition ker(/ -I- Uq) = is not satisfied, then the unitary operator admits the decom- 
position C/o = C/q ® C^o where U(j = Uq \ Sj', S)' := ker(/ + Uq)^, and U^^' = Uq \ 9)" = -Jj-y/, 
Sj" := ker(/ + Uq). One easily verifies that ker(/ + Uq) = {0}. Hence the construction above can 
be applied. That means, there is a sequence {i/^lnsN of unitary operators with simple pure point 
spectrum on Sj' such that Uq — U'^ € £i(io'), n g N, and lim„_>oo \\Uq — U^Wsi = 0. 

On the Hilbert space S)" we choose U^ ^ -I, n G N. Setting Un := U'^ © U'n, n G N, we 
complete the proof. □ 

Proposition 3.4. Let Uq be a purely singular unitary operator and let Q be a charge, both acting 
on the separable Hilbert space S^. Then there is a sequence of unitary operators {?7m}meN (^nd 
a sequence of bounded self-adjoint operators {Q,„},„gN both with pure point spectrum such that 
[Qm, — and Uq — Um G ■Ci for all m E N satisfying 

lim \\Uq — C/mlUi — and Q — s- lim 

m— >cxD ~ m— >-oo 

Proof. By Lemma |3. II we find a decomposition 

C/o = 0f/fc and Q = 0Qfe 

ken fceN 

where Uk is of constant spectral multiplicity and Qfc arc bounded self-adjoint operators commuting 
with Uk such that sup^gp, llQfc|j.fifc = IIQIIfl- 

By Lemma l3.2l for each fc € N there is a sequence {Qkm}meN of bounded self-adjoint operators 
with pure point spectrum commuting with Uk such that HQfemllj^t < HQfcHfl + 1 for each m e N 
and Qk = s-limm_j.oo Qfcm- The operators Qkm admit the representation 



Qk7n ^ ^ ^kmlPkml 



where Pkmi are eigenprojections of Qkmi in f)k- Since Uk commutes with Qkm the eigenprojcctions 
Pkmi commute with Uk. We set Ukmi :== Uk \ ^kmi where Sjkmi ■= PkmiS)k- Notice that 



Ukrn = Uk 



ml • 
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The unitary operators Ukmi are singular but their spectral multiplicity might be not constant. 

By Lemma 13.21 for each k,m,l € N there is a unitary operator Ukmi on S^kmi such that the 
spectrum of Ukmi is pure point, Ukmi - Ukmi S ■Ci(-^femi) and 

\\Ukml~Ukml\\< ^ 



(fc + m + lY ■ 
Obviously, Ukmi commutes with Pkmi- Setting 

Ukm '■— Ukmi 
l&i 

we get a unitary operator on S^k with pure point spectrum which commutes with Qkm- Moreover, 
we have ^ 

||C/fc™-C/fe™||£, <E(fc + „, + ^)3- 

Finally, setting 

Um •= Ukm and Qm ■= Qfcm 

feGN fcSN 

we define a unitary and a self-adjoint operator on Sj. Obviously, Um and Qm commute for each 
m € N and they are pure point. Since 

\\Uo-Umh.<Y.T. ^m + l + ir 

we have t/o — Um € £i(^) for each m e N and hmm^oo ||C^o ^ Um\\si = 0- We recall that 
s-lim,„_>.oo Qm = Q by Lemma 13.11 □ 

Proposition 3.5. Let S ~ {U,Uq} be a £,i- scattering system. Further, let Q be a charge and p 
be a density operator. If U — Uq is trace class, then J = Jac (see p.2p j. i.e. the pure point and 
singular continuous spectral subspaces of Uq do not contribute to the steady current. 

Proof. Using the decompositions Uq = Ug"^ ® Uq and Q = Qac © Qs we have: 

J = -^tv{n_pUsn*_[v,Qac]) - ^tTin_pUsni[v,Qs]). 

We are going to show that Js := -^ti:{U-pUQfl*_[V, Qs]) = 0. 

Let us first assume that the spectra of Uq and Qg arc pure point. Hence Uq and Q^ admit the 
representations 

Uq =^ CnPn and Qs = ^ qiQi 

nefi leTi 

where ^„ G T. G M and P„, Qi are eigenprojections of Uq and Qs, respectively. Since Uq and 
Qs commute, then their eigenprojections P„ and Qi also commute. We set Q„; :~ PnQi, which 
define some orthogonal projections. We have the representation 

= ^ CnlQnl and Qs = ^ qrilQnl 

where Cni & T and qni € M. Notice that J2n lenQm = -P^(f^o)- Without loss of general- 
ity we can assume that Qni are one dimensional orthogonal projections. Because the series 
J2n iGN CniQni[y, Qni] convcrges in the trace class norm to [V, Qs], we can write: 



r = -lYl qnMn_pU*n*_[v,Qni]). 



2 

n,le 
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Now we can undo each commutator and write: 

iY{n_pn*_[v,Qr,i])^iY{n_pU*n*_uQr,i)-iY{n_pU*n*_Q^iU). 

Using trace cyclicity we have ti{Q,^ pU'^U,*_QniU) = ii{UVl- pU'^Q,*_Qni) , and then because U 
commutes with ^l-pU^U,*_ due to the intertwining property of the wave operator, we can put U 
at the left of Qni- Hence Js = 0. 

If V and Qs are not pure point, then in accordance with Proposition 13.41 there is a sequence 
{f^m}"i6N of pure point unitary operators acting on S^^{Uq) and a sequence {Qs.m\men of bounded 
self-adjoint operators with pure point spectrum acting on io*([/o) such that \U^,Qs,m] = and 

-U^e £i(i3'*(f/o)) for m g N as well as lim^^o^ ||C^o " C^mlUi = and s-lim^^oo Qm = Qs- 

We set 

U,n ■■= Ug" ® and Qm ■■= Qac(BQs,m, m G N. 

We have [Um, Qm] = and Un — Um & for m g N as well as lim,„_>.oo \\Uo — UmWui = and 

s-Vmim^oo Qm = Q- Since U — Um = U — Uq + Uq — Um S -Ci (io) the wave operators 

n±{U,Um)=s- \im U''U-"P''^{Um) 
exist for each to G N. However, we have il± = [/,„) for each to € N since U^^^ = J/g'^. Let 

Jm := ~^tlin^{U,Um)PacKn^{U,Umy[Vm,Qm]), m&N, 

where Vm := — Um- We note that J,„ = {Jm.)ac + iJm)s where 

{Jm)ac -^tr{n^{U,Um)PacUS^±{U,Umy[Vm,Qac]) 
(Jm). := -^tlin_{U,Um)PacUS^±{U,UmT[Vm,Qs^m])- 

Since U^ and Qs.m a-rc pure point we get by the considerations above that {Jm)s ~ for each 

TO G N. Hence Jm = {Jm)ac, S 

Furthermore, using il± = ^±{U, Um) and U§'' — U^ wc find 

Jm = {Jm)ac = - ^tr(r2_ Pacf/o [Ki , Qac] ) , TO € N. 

Since lim,„^oo ||t^o - C^mllci = and s-lim,„^oo Qm = Q we find limm^oo Jm = J and 
lim„^oo (Jm)ac = Jac which yields J = J^c- □ 

Lemma 3.6. Let {U^Uq} be a £,i-scattering system. With the notation introduced in (|D.4|) . let 

J{r) := -itr(f^_(r)p[/*r!_(r)*[y,Q,J), r S [0,1). 

If<7s{U) ^ 0, f/ien J = lim^^i J(r). 
Proof. We set 

J-(r) := -ltr(r!_(r)p(7*n_(r)*P-([/)[F,Qac]) 

and 

J%r) := -itr(f2_(r)p[/*l]_(r)*P^(f/)[y,Q,,]). 

Since 01 = s-lim,.^i 0_(r)*P"'^([/) one easily verifies that J = lim^^ J"'^(r). 
Let us show that lim^^i J'^ir) = 0. To this end we verify that 

s-liml7_(r)*P"([/) ^ 0. 

rtl 
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Let Lpk, WfkW = 1; be an eigenvector of U corresponding to the eigenvalue £,k <= T. One gets 



n.iry^, = (1 - r)P- J2 r'U.-U-^, = (1 - r)PS^ ^ r'^U.Xk' 



n6N neN 

Hence 

= = (1 - r) / ^^d£;-(C)y,fc. 

We introduce the Borcl subset of T defined by 

A^:^|ceT:^i^^^^|g^<A^|. (3.4) 
It is not hard to see that s-hmjv^oo Eq'''{T \ A^) = 0. By the decomposition 
C!_(r)Vfe = (1-r)/ ^ dES'iO^k + 



k 



we find 



(1 - / -^di?o-(C)^fe 



IIO , 1,2 f d(£;o-(C)yfc,y>fc) , 

^ TT74^r7^ — ^KO — + 

|l-rCaP MO 

Taking into account (|3.4p we find the estimate 



reap '^^^(C) 



Using \I1^{1\2 < 1 we get 



For each e > there is Nq such that (£'g'=(T\ Af (p^) < f for TV > TVq. Fixing such a N there 
is To < 1 such that for r G (rp, 1) one has 27rA^Y^ < |. 

Hence hm^^i |lf2_(r)*(^/£|p = 0. From the above considerations we get hm^-fi ril(r)/ = provided 
/ = Cfc e C, is a finite sum of eigenvectors of U. However, the set of finite sums of 

eigenvectors of [/ is dense in .5 ^(t/) which yields s-liuir^i rt*_{r)P'' (U) ~ 0. Using s-limr^i f2_(r) = 
and the compactness of V we immediately get that lim^^i J*(r) = 0. □ 

Using the results above we are now going to prove a Landauer-Biittiker formula for unitary 
operators 

Theorem 3.7. Let S = {U,Uo} be a Zi- scattering system. Further let Qq be a charge and let p 
be a density operator. If asc{U) = 0, then 

J^^l^tY{pac{0[QaciO-S{CrQac{OSmd,^{0 (3.5) 

where S{Q is the scattering matrix of the scattering system S. 
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Proof. Let us introduce the approximate current by 

J(r,£) ■.= -^tT{n.{r)pl^U*n_{rr[V,Qac]), < r < 1, 

where 

pL.:=i?o^(A*(£)V, e>0, (3.6) 

and A*(e) C T satisfying z^(A*(e)) < e and (|D.25p . Notice that p^^ is also a density operator. By 
Lemma 13.61 we immediately get that lim^^i J{r,e) = J{e) where 

j(e) ■.^-hiin^pi,usn*_[v,Qac]). 



Furthermore, we note that 



J~ hm J{e) = hm hm J(r,e) (3.7) 



Setting 

I - rQU* 

we get 

K{r)Qac^-{r)U*^ = K{r)QacU^PS' + K{r)Qac'^{r) 

and 

Ji(r,e) = tr{pl,K{r)QacU*^)+t,{pl,K{r)Qac-^{r)). 
Using the unitary operator $ and (jD.20p we find 

($/i(r)gacC/o<i>-'7)(C)- / K{vXX')Qac{CW I iOdyiO. 



(3.8) 



where J is given by (jSHJ. We set 

Jl(£) := tT{pl,W_VQac^^U*^), 

J2{e) tr{pi^u*n*^Qacyn^) 

and 

Ji(r,£) := tr(pLf^_(r)*FQ,,f}_(r)[/o*), ^^^^^ 
J2(r,e) := tr(p^,r!_ (r)*g,,t/ol^r!- (r)), - < • 

Notice that 

-2J{e) = Me)^J2{e) 
-2J(r,£) = Ji(r,£)- J2(r,e), 
< r < 1. Setting ii:(r) := n^{r)*V, < r < 1, we get 

Ji(r,£) =tr(pL^(r)g,,l]_C/*), 

Using V = —UoV*U we obtain which yields 

J2{r,e) -tr(pLf^-(0*QacC/oA-(r)*). (3.9) 

At first, we are going to calculate K{r)Qac^-{r)UQ . From (jD.6p we get 

K{r)Qacn^{r)U* = K{r)Qac jPo"' + 7T7^^*'^"^^o'(C)} (^o 
where we have used U*V = —V*Uq which leads to 

Kir)Qacn.ir)US = i^(r)Qac ((/o^Fo"' + r / ^—.V*dES%0 



(3.10) 
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/ e L'^{T, di'{(), (l(C))- By the resolvent formula one has the identity 

(I-^U*)-' = {I-^US)-'{I + CV*{I-^U*)-'}, eeB. 

Multiplying on the right by V* we get 

(/-^C/*)-V* = {I - CU^)-^ {V* + ^V*il - CU*)-W*} , 

which yields 

Using that we obtain 

S(r) =r / {I-rCU5)-'CZ{rC)CdES'iC) 



which yields 

S(r) = r / ES'idOC ({I- rCO-' ZirOCdES'iC). (3.11) 

JT JT 

Applying the map $ one gets 

($s(r)ci>-i / )(0 = rv/r(c) /(/ - <e)-'^K')vW) / (C')rf^(C')- 

JT 

or 

($S(r)<D-i / = r / (/ - rC'e)-'A'(r; C', 0* fiC)diy{C). 

JT 

f eL^iT,diy{C),l){C)). Using 

($i^(r)Q„,S(r)$-i = ($i^(r)$-icI>Q„,$-icOS(r)<i>-i 

and (|D:201) we find 

($/v(r)Qa,S(r)$-i/)(C) = 

r [ d,yiOKir;C,OQaciO [ di^(C')a " C, 0* 7(C')- 

JT JT 

Setting 

Af(r;C,e,C') K{r-X,OQac{OK{r;C' ,0* (3.12) 



v/y(c)z(rc)* x/n?)Oac(o v^^(r-c') vnco 



= x^r-xWYiOQacioVnox-Ar-xr 

we find 

f$/iMQ„.SM$-i f)(C)=r f diy(£) f di^(C')^^^ 



($/i(r)g,,S(r)$-i7)(C)=r / d^O / di^iO^^y^^^ f iO 

JT JT i - K C 



where X*(r;C) is defined by (|D.24|) . Notice that 
Summing up we obtain 

Ji(r,£) = / du{OWaAOK{vXX)Qac{0)+r [ dHOdi^iO^r ( plAO ^^!"'^'lf ) • (3-13) 
Jt Jt^ \ 1 - rQt, 

We are going to calculate J2(r, e). From (jD.9p we get 

I-rCU 
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n^iryQacUoKir)* ^QacUoKir)* +r f dE^\C)V —^QacUoK[ry 

Jr I - rQU 

which yields 

n_{rrQacUoK{ry ^Q,,UoK{ry +rU; f dE^'iOV ^ QacUoK{ry. 

Jr I ~ rQU 

Using the notation (I3.10p wc obtain 

n^{ryQacUoK{ry = QacUoK{ry +rUSE{ryQacUoK{ry. (3.14) 

Obviously we have 

{^QacUoK{ry^-' / )(C) = QaciOC I K{r- ^, ()* f{Odv{0. (3-15) 



/ e L'^{T,dv{C)MO)- Using (imi) we find 

U*^{ryQacUoK{ry ^rU; f dE^^iQCZirCy I CdE^^iOil ~ r(0~^QacUoK{ry 



which yields 

($C/*S(r)*Q,,t/oif(r)*<i>-i7)(C) 

= r (^m^ J^dES^QCZirO*^-'^ J^CdES'iOil - ra)-'<i>-'3>Qacf/oA'(r)*$-i 
Hence 

($C/„*S(r)*0,ef/oifM*$-^/)(C) 

= rcVn^z{rcy [ di^ioVnDa^rar'Qacim [ d,yiC)Kir-x',o*fiC)- 

Jt jt 
Since K{r; C, £) := ^^^^(''C)* V'^TO by definition we get 
($(7*S(r)*Q,,[/oi^(r)*$-i /)(C) = 



1 - rCt Jt 



{<^U*E{ryQacUoK{ry<i>-^f)iC)= I d^C) / d,,{C)^^^^P^^ f{C). (3.16) 



Finally, by definition (|3.12p we find 

f)(C) = f diy(£) f di^(C')^ 

From (|3J|) and (|3TT4|) it follows 

J2(r,e) = ~tv{pl^QacUoKiry) - riY{plJJ*^(ry Qa,UoK{ry). 
Taking into account p.lSp and (|3.16p we obtain 

Ur.e) = - /rfKC)Ctr(pL(C)Qac(C)A(r;C,C)*) (3.17) 



r f f dz.(C)dK07^tr(pL(C)M(r;C,e,C))- 
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From dMI), (fXra and (PT7|) we get 

-2J(r,e)= / d:.(C)Ctr(pL(C)A'(r;C,C)Qac(C)) 

+ [ dz.(C)Ctr(pL(C)Qac(C)^(rC,C)*) 

JT 

Jt Jt U - '"CC 1 - J 

which yields 

-2J(r,e)= / d,yiC)CtT{pl,iOK{r;C,OQaciO) 
Jt 

dz.(C)Ctr(pL(C)Oac(C)i^(r;C,C)*) 

T 

1 + r 27r |/ - <Cr 

By dHSl) we get 

-2 J(r, £) = / rfi^(C)Ctr (Pac(C)i^(r; C, C)Qac(C)) 

JT\A.(e) 

d^(C)Ctr(Pac(C)Qac(Cmr;C,C)*) 

T\A.(e) 

l + r 27r JT\A4e) 1-^ - 



Using the representation K{r; C, C) ~ X^,{r; ()y^Y{C,) and taking into account (|D.25P we find that 



hm / di.(C)Ctr(pac(Cmr;C,C)Qac(C))= / d:.(C)Ctr (pac(C)A'(C, C)Qac(C)) 

''TlJT\A.(e) JT\A.(e) 

and 

hm / dl/(C)Ctr (p,c(C)Qac(C)^('^; C, 0* ) = / dl^iOCtT {paciOQaciOKiC, 01 ■ 

""Tl JT JT\A.(£) 

Furthermore, using p. 121) we find tlrat 



A\A.(£) Jt |J-<€| 



dm ^ / d.(C) C, OXTVA(e) (C) 



where 



F(r;C,e) :=tr [paeXC)X.{r-X)^Y{i)QUOVW)X.{r-,0* 
C e T \ A*(e), C e T and < r < 1. By ((d:25)) we get the estimate 

\F{r;C,0\<CxA£f\\pac\\\\Qac\MY{0), CeT\A,(£)), < r < 1, ^ e T. 

Hence 



27r JT\A,{e) \I-rC£,\ 



< 



2V- / MC) ,, \- \F{r;C,0\ < 2Cx,mPac\\\\Qac\MY{0) 
27r JT\A.(e) \I-rC^r 
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where tr(y(^)) G L^{T,dh'{^)). Applying the Lebesgue dominated convergence theorem we obtain 



27r 7t\a.(£) Ji 



T JT\A,(e) 

where 

and M(C, C, C) ■^i — hmr^i ^'I {f", Cj Cj C) for ^-e- C ^ T. Summing up we obtain 

-2J(e) :=2hmJ(r,£) = / d^OCtr (Pac(C)i^(C, C)Qac(C)) 

'"t'l JT\A.(e) 

dl.(C)Ctr (Pac(C)Qac(C)A"(C,C)*) 

T\A.(e) 

+ 271 / di.(C)tr(p,,(C)Af(r;C,C,C))- 

JT\A.(e) 

By Corollary ID.3I we verify that 

-2J(e) = * / d^(C)tr (pac(C)r(C)*gac(C)) 

JT\A.(e) 



- I / dz.(C)tr (p,c(C)Qac(C)r(C)) + 27r / dz.(C)tr (pac(C)A^(C, C, 0) • 

"'T\A.(e) JT\A,{e) 

Since M(C,C,C) = KiCOQadOKiCO* one gets Af(C,C,C) = r(C)*QacT(C)- Therefore 



2J{s)= / dKC)tr(pac(C)S(C)) 

JT\A.(e) 

where 

s(C) := -*T(C)*gac(C) + *Qac(C)r(C) - 27rT(C)*gac(C)r(C), C e T. (3.18) 

Using ((D?22)) we obtain ||S||£i e ^^(T, di/(C)). Moreover, from (|m4)) we get 

^^^^ ^ /h(A)^5(C) ^^^y^_hw^SiCr^ (3^^9) 

27ri 27ri 

Inserting (fXTO)) into ([XTS)) we find 

ZTT ZTT 

2^^ ^"^^(^^ 2^^ 

which yields 

S(C) = ^ {Qac(C) - 5(C)*Qac(C)5(C)} • 

which proves 

J{e) - ^ / tr {paciOiQaciO - SiCYQaciOSiO) dv{C) 

47r JT\A.(e) 

Using ||S(C)||£i e Li(T,di/(C)) and dXT]) we immediately prove □ 
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Corollary 3.8. If the assumptions of Theorem \3. 7| are satisfied, then 

= ^ ^ tr {{pUO - SiOpaciOSiO* ) QaciO) ■ (3.20) 

Further, let (/) : T — > [0,oo) be Borel measurable and hounded. If p = (f){Uf)), then J = 0. 

Proof. Using the fact that S{C,) — Ii^{q) £ £i(f)(C)) for a.e C G T with respect to v one immediately 
shows that follows from ((X5|) . 

If p = (f>{Uo), then pac ~ (f>{U§'^) which yields PadC) — 4>{()Ii){Q fo'" C ^ T with respect to 
v. Inserting PadC) ~ </'(C)A(c) i^ito (|3.20p we prove J ~ 0. □ 

3.2 Self-adjoint operators 

Let Hq and H be self-adjoint operators on the separable Hilbert space S). If the condition 

(H + i)-' - {Ho + i)-^ e (3.21) 

is satisfied, then the pair S' ~ {H,Hq} is called a £i-scattering system. If S' = {H.Hq} is a 
Hi -scattering system, then the wave operators 

W± := s- lim e'^" e"'^"" P""' [Hq) 

i— f iboo 

exist and are complete. The scattering operator is defined by S" := W^W^. 

A bounded self-adjoint operator Q commuting with Hq is called a charge for S' . A non- negative 
bounded operator p commuting with Hq is called a density operator for S' . To define the current 
J' for S' we assume that (/ + Hq)p is a bounded operator. Under this assumption the current J' 
is defined by 

J' := -itr {W-il + H^)pWliH ~ i)-^[H,Q]{H + i)-^) . (3.22) 

Using (|2.5p we have that {H — i)^^[H, Q']{H + i)~^ £ which shows that the current is well 

defined. The definition (|3.22p is in accordance with |T|. Indeed, from definition p.22p we formally 
get J' = ~itr{W-pWl[H, Q]). 

Theorem 3.9. Let S' = {H,Ho} be a £,i- scattering system. Further, let Q be a charge and let 
p be a density operator for S' such that (/ + Hq)p is a bounded operator. Further, let II{Hq'^) a 
spectral representation of Hq'' such that Qac and pac are represented by multiplication operators 
Mqi and Mp' induced by the measurable families {Q'^d.\)}\i^^ and {p'^d^y\\iz^, respectively. If 
asc{H) — 0, then 

J'^^ f^^ ip'acWiQ'acW - S'iXYQ'^^WS'iX))) dX (3.23) 

where {S"(A)}agR the scattering matrix with respect to the spectral representation Il{H§''). 

Proof. Let us introduce the Cayley transforms 

U := {i - H){i + H)-^ and Uq := {i - Hq){i + Ho)-\ 

The pair S = {U, Uq} is a £i-scattering system if and only if S' is £i-scattering system. By the 
invariance principle for wave operators one verifies that W± = fl± which yields S = S' . Obviously, 
Q is a charge for S and p is a density operator for S. A straightforward computation (compare 
with p.l2p ) shows that 

J' = -itr(17_pJ7o01[F,g]) = -itr {W-pWl{H ^ i)-^[H,Q]{H + i)-^) . (3.24) 

Let n(/7g'^) be the spectral representation of Appendix [BJ Assume that the operators Qac, Pac 
and S = ri!i_r2_ are represented in I1{Uq'') by the multiplication operators Mq^^, Mp^^ and Ms 
induced by the measurable families {(5ac(C)}c6T, {Pac(C)}c6T and {S'(^)}^gT, respectively. 
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Using the spectral representation II{Hq'^) = {_L^(R, dA, f)'(A)), M, $'} of Appendix [Cl one gets 
that Qac, Pac and S are presented in Il{H§'^) by muhiphcation operators Mqi^^, ^p'ac ^'^S' ™~ 
duccd by the measurable families {Q'^^{X)}\^s., {Pac(A)}AeR and {5'(A)}AeR, respectively. Notice 
that both families are related by 

S"(A) = ^(g2*arctan(A))^ ^ ^ 

Taking into account Theorem 13 . 71 we get 

- ^tr{n^pUSn*_ [V,Q])) = 1-J^tr ipUm'acW - S'iXrQU^)S'{m (3.25) 

Finally, replacing p by {I + H^)p we obtain ((H?^ from ((X^ . □ 
Corollary 3.10. If the assumptions of Theorem 1 3. 9\ are satisfied, then 

J'-^ I ((Pac(A) - S'{X)p',,{X)S'{Xr)Q',,{X)) dX. 

Further, let if) -.R — ^ [0, oo) be Borel measurable and bounded. If (1 + A^)(/)(A), A G is bounded 
and p' = (\)(ilQ) , then J' = 0. 

The proof of Corollary 13. 101 follows from Corollarv l3.8l 

The charge Q was defined as a bounded self-adjoint operator. However, this definition is usually 
not sufficient in applications, cf. below. In Definition 3.3] the notion of tempered charge charge 
was introduce. An unbounded self-adjoint operator Q is called a tempered charge if Q commutes 
with _ffo and for any bounded Borel set A of M the truncated charge Qa QEq{^) is bounded 
where Eq{-) is the spectral measure of iJp. For tempered charges we set 

4 ■.= -itY{W.{I + Hl)pW*_{H-i)-^[H,QK\{H + i)-^), Qa -.^QEoiA). 

Since [Q,i?o] = 0, we can decompose Q' = Q^c © Qs- Let HiHg") = {L^{T,dX,i)' (X)), M' ,<^'} 
be a spectral representation of H§'^. Then there is a measurable family {Q'acW}\€M of bounded 
operators such that Qac is unitarily equivalent to the multiplication operator Mqi^^ where 

(Mq, ^ /' )(A) := QU>^) r (A), /' e dom(AfQ, J, A G M, 
dom(MQ, J := { /' G L^R, dX, f)'(A) : QU^) f (A) G L\R, dX, f)'(A)}. 

Obviously, one gets ac(A) = Qac(A)XA(A), A G K. If Q is a tempered charge, then Qac is a 
tempered charge for Hq"^, that is ||(5ac-E'Q'^(A)||f| < oo. Therefore, for a tempered charge one has 

sup ess-sup ;^gAll<3lc(A)|| h'(A) < oo (3.26) 

AeB!,(R) 

where ess-sup means the essential spectrum with respect to the Lebesgue measure on R. In the 
following we denote the set of all bounded Borel sets of M by Bb (R) ■ 

Corollary 3.11. LetS' = {H,Hq} be a scattering system. Further, letQ be a tempered charge 
and let p be a density operator. If 

sup \\QEoiA)l^\\iI + H^)pEoiA)h-, < ^ (3.27) 

AGeb(R) 

then the limit J' := lim^^yoo l) 62:jsis and the formula p.23p is valid. 
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Proof. Applying Thcorcin 13.91 wg find 



4 = 7^ / tr(pL(A)(Ql,(A) - S'{XrQUX)S'{X)))dX, A e B,{R). 



27r 

From p.27p which yields 

sup \\QacEo{A)h\\iI + H^)pacEo{A)h < oo 

which yields 

\\QacEo{A)hMl + H^)PacEo{A)\ I = 

ess-sup ^gAll<3ac(-^)llf,'(A)eSS-SUp^gA(l + A^)I1pLc(A)11(,'(A)- 

Hence 

sup 

sup {ess-sup ;,gAll<9ac(^)llfl'(A)eSS-SUp +-^^)l|Pac(-^)llll'(A)} ■ 

This gives 

sup ess-sup {(1 + >''^)\\Q'acWh'W\\p'acWh'w} < 

AeB6(R) 

In particular, we have 

sup ess-sup {(1 + X'')\\QU^)\\t,,^x)\\p'acWh'(\)} < oo- (3-28) 

Using the definition r'(A) := ^(/„'(a) - S"(A)), A e K, we find the relation T'(A) = T(e2*^''='™(^)) 
for a.e. A G M. Taking into account (jD.22[) we get the estimate 

\\T'iX)U,Jf^<2\\iH + ^)-'-{H„ + ^)-'U,. (3.29) 



Since 



Q:,,(A) - S'{X)Q',,S'{X) ^ 

2m {T'(A)Q1,(A) + g,,(A)T'(A) - 2^ir'(A)Q„,(A)r'(A)} 

for a.e. A £ M we find 

Wp'acWiQ'acW - S'{X)Q',,S'{Xm^^ < 

{2 + ^)\\pUm,'w\\Q'acWk'ix)\\T'iX)U, 

for a.e. A € T where we have used that ||T'(A)|1 (,/(a) < ^. Using ([3^ and ([3^ we verify that 
the integral 

^4:= / tiipUm'acW ^ S'{XrQU>^)S\X)))dX 



1 --^ 



exists and is finite. Hence 

hm J('_^.^) = hm / tr(p;,(A)(Q;,(A) - S' {Xy QU>^)S' iX)))dX = 4 
which completes the proof. □ 
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4 Examples 



Let us consider examples where the it is important that the Hamiltonian is not semiboundcd from 
below. 

4.1 Landauer-Biittiker formula for dissipative operators 

We consider the Schrodingcr-typc operator K in the Hilbcrt space ^ ~ &)) defined by 

dom(if) -.^Ige W^-\{a, h)) : {±g') (a) ^ -^.^(a) 
I (2^5') (&) - ^6.9(6) 

and 

= l{g){x), g G dom(i^), 

where 

1/ e L°°((a,&)) and m(x) > is real function such that m e L°°{{a,h)) and ^ € i°°((a,6)). 
Furthermore, we assume Ka,Hb G C+ = {z £ C : 3m(2) > 0}. The operator K is maximal 
dissipative and completely non-self-adjoint. Its spectrum consists of non-real isolated eigenvalues 
in C_ which accumulate at infinity. 

To analyze the operator K it is useful to introduce the elementary solutions Va{x,z) and 
Vb{x, z), 

l{Va{x,z)) - ZVa{x,z) =0, Wa(a,z) = l, —^v'^{a,z)^-Ka, (4.1) 

l{vb{x,z)) ~ zvb{x,z) =0, Vb{b,z)^l, = '^f" (4-2) 

X € [a, 6], z e C, which always exist. The Wronskian of Va{x,z) and Vb{x,z) is defined by W{z), 
i.e. ^ ^ 

= Ua(a;, z)-— — u^(a;, z) - ^^(x, z) <(a:, z). (4.3) 

2m(x) Zm(X) 

We note that the Wronskian does not depend on x. Obviously, the functions v^a{x, z) and w*b(a:, z), 



w*a(a;, z) := z;a(a;, z) and v^,b{x, z) := Vb{x, z), z € C. (4.4) 
a; £ [a, 6], z € C, are also elementary solutions of 

/(v*a(x, z)) - Z7;*a(a;, z) = 0, u*a(a, z) = l, „ ^, -. vlaia^z) = -kZ, (4.5) 

;(?;*b(a;, z)) - zi;*t(a;,z) = 0, u*h(5, z) = l, 2m(6) ^ ^"^'^^ 

X e [a, 6]. The Wronskian of v^,a{x,z) and w*f,(a;,z) is denoted by VF*(z) and is also independent 
from X. Using the elementary solutions one gets the representation 

((iJ-z)-V)(x)= (4.7) 

for z e g{H) and / e ^^([a, 6]) and 

iiH*-z)-'f)ix)= (4.8) 

^*fc(a^>^) r , f ^ff ^ V*a{x,z) 
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for z e q(H*) and / € l?{\a,h\), see [13]. 

Since H is completely non-self-adjoint the maximal dissipative operator H can be completely 
characterized by its characteristic function 9k{z), z G g{H) n g{H*). The definition of the char- 
acteristic function relies on the so-called boundary operators T(z) : M. — > C^, z G q{H) and 
T*(z) : ^ — > C^, z e g{H*), which are defined in ^3]. Introducing representations 

Ka = 9a + ^al and Kb = qi, + ^al, Ua, at > 0, (4.9) 
the boundary operators are defined by 

nz)f:=( "^«f-^V^J?\) (4.10) 

and 

T(.)f-( MiH* - z)-\f)ib) \ 
/ e L'^{[a,b]). Using the resolvent representations (|4.7I) and (|4.8p we obtain 



X(z)f ^ ( ~^bjadyva{y,z)f{y) 

W{z) I a,/>yt;,(y,z)/(y) 



and 



n(2)./ 



and 



where 



(4.12) 



W*iz) \ abj^ dyv,biy,z)f{y) 
f e L'^{[a,b]). The adjoint operators are given by 



(T(z)*0(.t) = =1= (-abVa{x,z),aaVb{x,z)) ^ (4.14) 
W{z) ^ ' 

{-abv^.a{x,z),aav^.b{x,z))£,, 



W^z) 



(T*(z)*C)(s) = ^ (-abV^.a{x,z),aaV^b{x,z)) ^ (4.15) 
W^(z) ^ ' 

{~abVa{x,z),aaVb{x,z))£,, 



W(z) 



^ = ( fa ) e C^- (4.16) 



The characteristic function Ok{') of the maximal dissipative operator H is a two-by-two matrix- 
valued function which satisfies the relation 

eK(^)T(z)/ = r,(z)/, ze g{H)ng{H*), a,,ab>0, (4.17) 

/ G L^([a, 6]). It depends meromorphically on z e g{H) D g{H*) and is contractive in C-, i.e. 

\\Qk{z)\\ < 1 for z G C_. (4.18) 

Using the elementary solutions the characteristic function &k{') takes the form 

= + ^ I -aba^ alv^bia, z) ) ' ^^.19) 
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for z e e(H) n cf. [13] 

Since the operator K is maximal dissipative there is a larger Hilbert space and a self-adjoint 
operator H such that ^ is embed in and the relation 

P%{H-z)-^ \ii^{K-z)-\ zeC+, 

is satisfied. The self-adjoint operator H is called a self-adjoint dilation of K. If the condition 

clospan{(i7 - z)~^j? : z G C \ M} = 

is satisfied, then H is called a minimal self-adjoint dilation if of H. Minimal self-adjoint dilations 
of maximal dissipative operators are determined up to a certain isomorphism, in particular, all 
minimal self-adjoint dilations are unitarily equivalent. 

In the present case the minimal self-adjoint dilation of the maximal dissipative operator H 
can be constructed in an explicit manner. In accordance with |13j we introduce the larger Hilbert 
space 

i5 = £t_®j?®D+ (4.20) 
where D± := L^(M±,C^). Introducing the graph il, 




one can write the Hilbert space Sj as L'^(fl). Further, we define 

9 g- ® g ® g+ 

where 



g-{x) := 



(4.21) 



(4.22) 



for X G M-_ and x G M+, respectively. Let us introduce the 
by 



as well as 
Further we set 





1 Ka 

1 -Kb 




and Kl 



matrices and K^. which are defined 

(4.23) 




1 



and Kl 



1 -Kb 





A := 



ab 
ab 



Using these notations the self-adjoint dilation K is defined by 



g± G W^^%R±,C^), 
dom(H) <; .9 G . ^ ^ ^b_^^ ^ 

K-ga + Klgb = Ag+{0) ^ 



and 
where. 



Hg:=-i^g_(S)l{g)®-i-^g+, g € dom{H) 
ax ax 



9a 



5(a) 



dx' 
and gb 



g{b) 



(4.24) 



(4.25) 

(4.26) 
(4.27) 
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With respect to a graph picture the operator H looks hke 



-) 



^g'{b)~-,g{b)^at,g\{Q) 
( 



Kg) 



-^±9% 



2^g'ia.) + Kag{a) = aaff+(0) 



We define another self-adjoint operator Hq by setting ah = eta = 0. In this case we get 



dom(i7o) < 



g,^,g'&W'-H{a,b)), 
•e<o: Klga + Ktgb = 0, 
KXga + K^gi, = 0, 
.9-(0)=.9+(0) 



and 



Hog ffi ^5) © ^ dom(i/o), 

da; da; 



Setting D = D_ e 2)+ = ^^(k^ c^) we obtain 



55 = S © j| 



and 



Ho=T®Ko 

where T is the momentum operator given by dom(T) :~ 



{Tf){x) -i—f{x), f e dom(T), 
da; 

and Kq is defined by 

r ^^g'eW''\{a,b)) 

[ {2^9){o) ^ -qag{a) ^ 

Since the operator Kq is discrete one gets H^'^ = T and Jo°'^(iJo) = C^). One easily checks 

that the resolvent difference is a trace class operator. This is due to the fact that both operators 
H and Hq are self-adjoint extensions of the symmetric operator H , 



dom(iJ) := < 5 e i5 



g± e W^^'^{M.±X^) ^ 
9,ii9' &W^^\{a,b)) 

ga^ gt^O 
5±(0) = 



which has finite deficiency indices. Hence S — {H, Hq} is trace class scattering system. In 
particular, the wave operators W±{H, Hq) exist and are complete. 

One easily checks that Il{H§'^) ~ {i^(R, dX, C^), M, T} where M is the multiplication operator 
induced by the independent variable A and J- denotes the Fourier transform 
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It is known that the scattering operator S{H, Hq) — W+{H, Ho)*W^ {H, Hq) is unitarily equivalent 
to the muhiphcation operator Mq- indueed by the measurable family {6(A)*}AeR in L^(M, dX, C^) 
where 

e(A) = hm e(A - ^,) = (l + f"'^'*'^^^' T^f \, 

which exist and is contractive for A £ M. Setting 

9UX):^WiX)~ialvaib,X) and 9a{X) := W{X) ~ ialv^ia, X), 
A G R, we find the representation 



Tn^)- (4.28) 



W{X) \-iabaa 0aW 

and 

W{X) \iabaa Oa{X) ^ 
Since e(A)*e(A) = Ic2 for A G M we obtain 

1 = \9,{X)\^ + alal ^ \9a{X)\^ + alal and 0JA) = ^ (4.29) 

for A e M. 

Let p he a, steady state for Ha. Obviously, the steady state is unitarily equivalent to the 
multiplication Mp induced by a measurable family {/5(A)}AeE of non-negative bounded self-adjoint 
operators acting in C^. We use the representation 



p{X) = ( P'j-^} ^^^l ) > 0, A e R. (4.30) 



riX) Pa{X) 

Notice that p(A) > if and only if the conditions ph(A) > 0, Pa{X) > and 

\riX)\' < Pb{X)paiX) 

is satisfied for a.e. A e M. Moreover, p and (/ 4- H^)p arc bounded operators if and only the 
conditions 

ess-sup {pb{X) + pa{X) + \t{X)\} < oo. 

and 

ess-sup;,gK(l + A'){p6(A)+/9„(A) + |r(A)|} <oo. (4.31) 

arc satisfied, respectively. 

In [2] the current related to the self-adjoint operator H was calculated in accordance with [T5] . 
To this end the generalized incoming eigenfunctions ip{x,X,a) and ip{x,X,b), a; G fi, 7 G {a, 
X gM. of H were computed and the current jp(x. A) was defined by 

jp(.T,A) :=^Jh(A)3m ( ^-iIj{x, X,b)m{x)tp\x, X,b)] + 
1 



/ia(A)3m — —ip(x, X, a)m(x)ijj' (x, X,a) 
\m[x) 

for 2: G ri; A e M, where ptiX) and /ia(A) are the eigenvalues of p(A). It turns out that jp(x,X) is 
independent from x, that is jp{X) := jp{x, A), and admits the representation 

3p{X) = tr(p(A)C(A)), A e M 

where 

C{X):^-J-^^Ee{Xy, AeR, 
2Tnw{X) 
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and 

cf. Proposition 4.1 of [H]. If ti-{p{X)) £ L^{R, dX), then the fuh current jp is given by 



cf. Proposition 4.1 of [M]. Using ^jAlE^i and (|430)) we find 



. _ 1 f -Qgag(Pfe(A)-p,(A))+»a,a,(T(A)g,(A)-r(A)gb(A)) 



Let us calculate the current in accordance with Theorem 13.91 To define charges we note that 
J) admits the decomposition 

D = ® . 

By Qf, and Qa we denote the projections form S onto "Db and J)a, respectively. The operators Qf, 
and Qa commute with Hq and can be regarded as charges. The charge matrices are given 

Qb(A) = (J q) and Qa{X) = ([j , A £ R. 



Applying Theorem 13.91 we find 



Jp,Q. = ^ / ('^(^) (Q-(^) - 0(A)Qa(A)e(A)*)) dA. 



A straightforward computation shows that 

Q.(A)-e(A)g.(A)e(Ar = -i— ( r^^'fj- '^^^ff^ 

Taking into account (|4.30p we obtain 

tr(p(A)(Qa(A) - e(A)Qa(A)e(A)*)) = 
j^^^ (^-aialipbW - PaiX)) + iaaabiTiX)9a{X) - t(A) 0a{X)) 

which yields 



1 f -alaliphiX) - pa{X)) + iaaabiT{X)9aiX) - r(A) 0,(A)) 



Using (j4.29p we immediately get from (|4.32p that q = jp. Comparing with [T3] the proof is 
much shorter. Moreover, from Proposition 4.1 of [T3] we get that 



\Jp.QJ I HpW)d\ = ^ / U(A) + p,(A))dA 



By (|4.3ip the last integral exists. 
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4.2 Landauer-Biittiker formula for a pseudo-relativistic system 

We consider the Hilbert space L^(M,C^) and the symmetric Dirac operator 

{Af){x) = -A ^f{x) + M /(.t), / e dom(A), X G M, 



where a > and 

dom(A) ;= {/ e : /(O) = 0} 

and 

/i,/2eL2(M,da:). 

The deficiency indices n±{A) are equal two. The operator A is completely non-self-adjoint. The 
domain of the adjoint operator is given by 

dom(A*) W^-'^{M._,C^)®W^-^{M.+ ,C^). 

Its Weyl function M{z) was calculated in [S]. One has 











_s — a 
/ z-\-a / 



-+1 



where the cut of the square root \f ■ is fixed along the non-negative real axis. We define a self- 
adjoint extension _ffo of A by Hq = A* \ dom(iJo), 

dom(i/o) = {/ e dom(A*) : /2(-0) = 0, /i(+0) = 0}. 

The operator iJp is self-adjoint and absolutely continuous. Its spectrum is given by a{Ho) = 
CaciHo) = M \ (—a, a). It is not hard to see that the Ho has the form 

iJo = -ff- ® H+ 

where H± are are self-adjoint operators in L^(R±,C^), respectively. A straightforward computa- 
tion shows that the operator iJ_ and iJ+ are unitarily equivalent to the operator K- , 

(A-_/)(.t) := J _ / e dom(/v_), (4.33) 

dom(/Y_) := {W^^^{R^) . j(_o) = -/(+0)}, (4.34) 

and K^, 

{K+f){x) *-^/(a;) - af{~x), f G dom(if+) := W'^^R), 
ax 

defined in L^(M), respectively. 

The limit A/(A) := limj^^+o M{X + iy) exist for every point A G M \ {—a, a}. One has 



'jV^ 

/ A— a 

i 



M{X)= [ h AeK\{-a,a}. 



X+a/ 



Hence 



A+g Q 

9m(A/(A)) ^ ( V I , A e M \ [-a, a] 

and 3m(A/(A)) = for A G (-a, a). We set (i(A) := ran(3m(M(A))), A G M \ {-a,a}. Obviously, 
we get 

AeM\[-a,a] 
A G (-a, a). 



[1(A) = 
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We consider the direct integral L^(K, dA, fi(A)). I turns out that there is an isomctry $ acting 
from onto L^{R, d\,t){X)) such that the triplet U{Ho) = {L^(R, dA, fi(A)), $} is a spectral 
representation of Hq. 

Another self-adjoint extension H oi A is defined by choosing a self-adjoint operator B, 

B=r- &_,&+eM, re 



acting on and setting 

/i(-0) = 6-/2(-0) + r/i(+0) 



dom(i/):=|/edom(^%. ^^^^^^ ^ ./,(-0) + 6+A(+0) 

The self-adjoint extension H can be regarded as the Hamiltonian of some point interaction at 
zero. Since the deficiency indices of A are finite the resolvent difference of H and Hq is trace class 
operator. 

We consider the trace class scattering system S = {H, Hq}. Following [2] the scattering matrix 
{S'(A)}AeR admits the representation 

5(A) = +2zV5ni(A/(A))(B-A/(A))-V^^ni(M(A)), 
A e M \ ha,a]. We find 

1 fb+~^M \ 



det(B-A/(A)) I -r 



z- 



for A G R\[-a, a]. The transition matrix {r(A)}AeR is defined r(A) := S{\)-It,^x), A € M\[-a, a], 
which yields 



r(A) = 2i^3m(A/(A))(B - M(A))- V^m(Af(A)), A G R \ [-a,a]. 
Using the representation 

r(A) 



<__(A) i_+(A) 
t+_(A) i++(A) 



we find 



- det(B-M(A)) V +7X 



a 



t_+(A) 
t+_(A) 



2i 



det(B- M(A)) 
2i 

det(B- M(A)) 



2« /, \/A — a 



We set 



det(B - M(A)) V VXT 



.(A) K_,(A)P = K,_(A)P = |,^,(/!^'^(,))|, , A G M\ ha,a] 



which is the cross section between the left- and right-hand scattering channels. Since ||T(A)||e(c2) < 
2, A G K\ [-a, a], we find a{X) < 2, A G K \ [-a, a], which yields 

2lrP 

< 1, A G M \ [-a,a]. 



|det(B- Af(A))|2 
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Let Q± be the orthogonal projection from L^(R, C^) onto L^(R± , C^). Obviously, Q± commute 
with Hq. With respect to the spectral representation the charges Q± correspond to 

Q-(A)=(^J o) '^'^'^ Q+W=(o ?)' AeR\[-a,a]. 
If the steady state p is chosen as 

p = p_ ® p+, 

then the corresponding charge matrices are given by 

P(A)=(%(^) Ja))' a eR\ [-«,«]. 

where /3±(A) are non-negative bounded Borel functions on M \ [—a, a]. The operator (/ + Hq)p is 
bounded if and only if ess-sup ;^gK\[-a, a] (1 + A^)/3±(A) < oo. Applying Theorem 13.91 wc find that 
the current JpQ_{\r\) is given by 

4q-(\^\) = ^ / (P-(A)-p+(A))a(A)dA 



-a, a] 

2|r|2 /■ p_(A)-p+(A) 



TT 



rfA 



.,^,] |det(i3-M(A))|2 
A very simple case arises if we set b± ~ 0. In this case wc have 

The magnitude of the current becomes maximal in this case if |r| = 1, that is, if 

Jp.Q-i^)^^[ iP-{X) - P+iX))dX. 

Since cr(A) < 2 we find the estimate 

js 1 



TT 



4,Q_{\r\)\<- ip+iX) + p-{X))dX. 



Obviously JpQ_ (0) = which is natural. In this case the self-adjoint operator H decomposes into 
a left and right hand side extension which have nothing to do with each other. However, one also 
has limi^i^oo Jp,Q_ = 0. 

For electrons one has to choose 

p±{X) -.^ Pfd{X~ fi±), AeR, 

where /i± is the so-called Fermi energy and PfdW is the Fermi-Dirac distribution 

PFDi\) = il + e'^^)-\ AgR, /3>0. 

Obviously, the condition ess-sup 4- A^)p±(A) < oo is not satisfied. However, it turns out 

that 

p_ (A) - p+ (A) = e^^ (e-^'^+ ~ e-^^- )p_ ( A)p+ ( A) , A e R. 

satisfies ess-supRy_j, ^^{1 + A^)|p_(A) — p+(A)| < oo which shows that the current JpQ_ is well 
defined. 
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Appendix: Spectral representations 



A Spectral representation for unitary operators 

Let t be a separable Hilbert space and let /i a Borel measure on the unit circle T. We consider 
the Hilbert space L^(T, and the multiplication operator Z defined by 

(Z/)(C)-C/(C), / eL'(T,dM,«)- 

Let {P(C)}cgt be a measurable family of orthogonal projections in t. Setting 

{plm^p{C)hC), f eL\T,dfi,t), (A.i) 

one defines orthogonal projection on L^(T, d/i, £). The subspaee PL^(T, d/i, f) is denoted by 
i^(T, f (C)) where := P{C)i in the following and is called a direct integral of Hilbert 

spaces {6(C)}^gT, cf. [4]. We recall if an orthogonal projection on L^(T,d/i,f) commutes with Z, 
then there is a measurable family {-P(C) IceT of orthogonal projections such that P is given by 

en. 

For any unitary operator U there is a separable Hilbert space 5 and a Borel measure fi on T 
such that U is unitarily equivalent to a part of Z. That means, there is an isometry : — > 
L'^{T,dn,t) such that 

W = Z*. 

The operator P = v[/vl/* is an orthogonal projection on L'^{T,dfi,t) commuting with Z. Hence 
there is a family of measurable orthogonal projections {P(C)}c6T such that P is given by (|A.1[) . 
Notice that 4' is an isometry acting from S) onto i^(T, d/i, 4). The multiplication operator M := 

z ] L^{T,d^l{0,m), 

(M/)(C) = C/(C), /eL2(T,d^(C),«(C)), 

is unitarily equivalent to U. The triplet H([/) = {L'^{T, dfi{(),i{C,)), M,'i>} is called a spectral 
representation of U. 

The existence of a spectral representation can be proved as follows. Let fi{-) be a scalar measure 
defined on *B(T) such that the spectral measure E{-) of U, 

U = [ (dEiC), 

is absolutely continuous with respect to /i(-). Such a measure /j, always exists. Indeed, let C = C* 
be a Hilbert-Schmidt operator such that S) = HciU) := clospan{iJ(5)ran(C) : S G B{T)} where 
E{-) is the spectral measure of U. We set 

fi{5) ■~tT{CE{6)C), Je<B(T). 

Obviously, the spectral measure E{-) is absolutely continuous with respect to fi{-). In fact, both 
measures are equivalent. 

Moreover, the operator-valued measure := CE{5)C, 5 € *B(T), is absolutely continuous 
with respect to /x(-) and takes values in £,\{S)). Since 2,x{S)) has the Radon-Nikodym property 
S(-) admits a Radon-Nikodym derivative T(-) of S(-) exists with respect to ^(•), belongs to 
T(C) <E Sji{SS) for a.e. C €! T and satisfies T(C) > for a.e. C ^ 1^ with respect to ^. Hence we 
have 

S(<5) = ^T(C)dA.(C) 

for any Borel set 5 G *B(T). We set := ran(T(C)) C ^ g T, which defines a measurable family 
of subspaces of t := ran(C). That means, the corresponding family of orthogonal projections from 
{ onto is measurable with respect to yu(-). 
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Lemma A.l. Let L'^{T,d^{C,),t{C)) o-nd T(C) be as above. Further, let ^ be the linear extension 
of the mapping 

If^ = 'Hc{U), then U{U) = {^^(T, d/x(C), «(C)), *} is a spectral representation of U . 
Proof. Obviously, we have 



Hence ^ is an isometry action from S)c{U) into L^(T, dii{C), t) with range L^(T, dji{C,), t{C))- Since 
55 — S)c{U) one gets an isometry acting from S) onto L^(T, c?/^(C), t(C)). Moreover, by 



The integer function Nu ■ T — ^ Nq := {0, 1, 2, . . . , oo}, Nu{0 := dim(e(C)), is cahed the 
spectral multiplicity function of U. We note that the family {6(()}^gT and the spectral multiplicity 
function Nu are defined only a.e. with respect to ^. Furthermore, it can happen that = {0} 
for C e T which yields Nu{0 = 0. We set supp [Nu] := e T : Nu{0 > 0} and introduce the 
measure fijj := Xsupp{Nu)l^ which is absolutely continuous with respect to ^. 

Let U and U bje^unitary operators and let U{U) = {L^{T, dfj,,t{0), M,'^'} and n{U) = 
{i^(T, (i/i(C), £((■)), Af, ^} be spectral representations, respectively. The operators U and U are 
unitary equivalent if and only if fi^ and fiu are equivalent and Nfj((^) = -/Vc/(C) a-e. with respect 
to fijj. The unitary operator U is called of constant spectral multiplicity fc S N := {1, 2, . . . , oo} if 
Nu{() = k a.e. with respect to fiu- 

B Spectral representation for U°'^ 

In the paper we mainly need a spectral representation of the absolutely continuous part U"''^ of a 
unitary operator U. In this case we choose ^ = v where v is the Haar measure on T. In this case 
the construction above simplifies as follows: 

As above, let C = C* G S.2{^) be a Hilbert- Schmidt operator on i^. Since C e &2{^) we define 
by Yj"""^ := CEq'^{-)C a £i-valued measure on T which is absolutely continuous with respect to the 
Haar measure v on T. Its Radon-Nikodym derivative is denoted by Y{-). 

Let us define a measurable family of subspaces by t)(C) by setting [)((^) := clo{ran(F(()) } ^ f) 
in f) = clo(ran(C)). With this family we associate the direct integral L'^{T, dv{C,), f)(C)). 

Lemma B.l. Let L'^{T,dv{C),\){Q) and Y{C) above. Further let $ be the linear extension of 
the mapping 

{^E-%C)Cf){0^xsiC)Vy{Of, CeT, fefi. 

If the condition ^"=([7) = "H^^ := clospan{i;°'=((5)ran(C) : S e B{T)} is satisfied, then H(J7'"=) := 
{L^(T, f)(C)), M, $} defines a spectral representation ofU"''^. 

The proof is similar to that one of Lemma [A. 11 If the condition Sj^f = T-L°''^{U) is not satisfied, 
then H(C/'"=) = {L2(T, (ii/(C), [)(C)), M, $} is not a spectral representation of U"" but of U^" := 
U IWJ. Notice that S)'}^ C Sj'^^U) reduces [/"^^ 

The following Lemma describes the action of the transformation $ and is also valid for this 
extension of the spectral representation of Lemma IB. II 

Lemma B.2. Let A : T — > *B(jo) be strongly continuous. If the operator spectral integral 



||vl/i?(5)C/||i.(T,d^(C),{) 




(VI/ / udE{C)Cf){C) = C e T, / G i5, 



we get *[/ = Z*. 



□ 




dE-^OCXiOf, 
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exists, then 



i<fLf)iO = VnOXiC)f, CeT, /eio, (B.i) 

holds. Furthermore, 

L*f:= f X*{(:)CdE^^Of 
Jt 

and 

L*<f>*/== /dAX*(C)VnC)7(C), / = 55-. (B.2) 
Jt 

Proof. Let J7e, e > 0, be a family of partitions of T such that sup |S| = e. Let further Ce : i7e — > T 
satisfy Ce(S) e S for all E e J^. Then for 



/ di?-(C)CX(C)/, /Gil, 

■/T 



we have 

L/=lim V ii;-(S)CX(C.(S))/. 



>0 

by definition. Since $o is continuous and ran(L) C 'H(C), we have 

($i/)(A) lim ^ ($i?-(S)CX(A,(S))/)(A) 

= hm ^ xh(A)x/F(A)X(A,(S))/ 

for a.e. C G II"- Now let 2e(A) be the unique element in jTe for which A € 5c(A). Since X is 
continuous, we obtain 



($i/)(A) - hm v/y(A)X(A,(S,(A)))/ = yF(A)X(A)/. 
The adjoint relation (jB.2[) follows easily from 



dA(v/y(C)x*(C).g,($/)(C)) = (.9, / dCX(C)v^(*/)(C) 

for all 5 e □ 



C Spectral representation for H 

Let be a self-adjoint operator on the separable Hilbert space S). We introduce its Cayley 
transform 

U := (i- H){i + H)~\ 

Obviously, we have 

Eu{S) = Eh{S'), SeB{T), (5' = {A e R : e^''^^'^*^"^^) e ,5}. 

Let U{U'"') = {L2(T,d;y(C),f)(C)),M,$}. Let us introduce the direct integral L^{R,dX,t}' (X)) 
where dX is the Lebesgue measure on M, and f)'(A) :— f|(g2iarctan(A)-|_ ^ straightforward computa- 
tion shows that the linear map F : L^{T, dy{C,), (i(C)) — > ^^(M, dA, ()'(A)), 

/' (A) (^^/)(A) := ^1X1/ (g^— ^-(a))^ ^ ^ 
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/ e L'^{R, dX, fl'(A)), defines an isometry acting from L'^{T, dv{Cj, [)(C)) onto L'^{m., dX, l)'(A)). Let 
{Q(C)}ceT be a measurable operator-valued function which defines a multiplication operator Mq 
in the direct integral L^(T, dv{C,), f)(C))- Setting 

Q'(A) = g(e2*"'=*'^"(^)), AeM, 

one easily defines a multiplication operator in Mqi in i^(]R, dA, f)'(A)). It turns out that Mqi = 
FMqF~^. In particular, one gets that 

FM^.F-^ ^ M^>^, SeB{T), (5' = {A e K : e^'^'''^*^"^^) G (5}. 

the last relation immediately shows that Il{H'"') ~ {L^{R,dX,l)'{X)), M,<^'}, $' := F<^, defines 
a spectral representation of the absolutely continuous part H"^''' of H. 

D Scattering matrix for unitary operators 

Let S) he a separable Hilbert space and let U and Ua be unitary operators such that 

y :-(7-[/oe£i(io). (D.l) 

where £i(-) denotes the set of trace class operators in ^3. In the following we call the pair S — 
{U, Uq} of unitary operators satisfying (|D.ip a £i-scattering system. 
li S = {U,Uo} is a, £,1 scattering system, then the wave operators 

fl± ■~n±{U,Uo) s- lim C/"C/o""P°"(t/o) 

n— >±oo 

exist and are complete. Completeness means that ran(ri±) — Sj"-''{U) where io'"^(C/). The scatter- 
ing operator S of the scattering system S is defined by 

5 := S{U,Uo) := 

In fact, the scattering operator acts only on f)°''^(Uo) and is unitary there. Moreover, it commutes 
with Uo- 

Let II{Uq'^) = {L'^{T, dv{C), fl(C)), $) be a spectral representation of the absolutely contin- 
uous part f/g'^ of [/o, ef. Appendix [Bl Since the scattering operator S is unitary on S^°-'^{Uo) and 
commutes with U^'^ there is a measurable family {S'(C)}ceT of unitary operator on f)(C) such that 
S is unitary equivalent to M5, 

{Msfm = ^(0/(0, / e dv{0, [)(C)), 

that is 5 = The family S{C,) of unitary operators is called the scattering matrix of the 

scattering system S. 

At first we prove a technical lemma. 

Lemma D.l. Let S = {[/, t/o} be Zi-scattering system. Then there is a bounded self-adjoint 
Hilbert- Schmidt operator C and a bounded operator G such that the representation 

V :=U-Uo = CGC (D.2) 

is valid. 

Proof. Let V = Vr + iVi where where Vr := \{V + V*) and Vi := ^^{V* - V*). Obviously, one 
has Vr := £ and Vi = Vj* G £i(^). Let Cr \Vr\^^^ and C/ := \Vi\^/^. Then 

Vr^CrGrCr and Vj = GiGiCi (D.3) 
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where Gr :— sign(VR) and Gj := sign(yf ). We set 

C:^i\Vn\ + \Vj\y/'. 

Obviously, we have 

WCnfW - {\VR\f, f) < {{\Vn\ + \Vj\)fJ) = \\Gf\\\ f e Sj. 

Hence there is a contraction F/^ such that Cji = ^rC and Cr = CF^j. Similarly, there is a 
contraction F/ such that Cj = F/C/ and C/ = C/Fj. From (jD.3|) we find 

V = c{r},GRrR + tT*jGiri)c. 

Setting G := FI^GflFfl^ + iF}G/F/ we prove jEl]). □ 
We define the Abel pre-wavc operators by 

n+ir) := (l-r)Er=o'^"™o""^o^ 

r G [0, 1), where we have used the abbreviation Pq'^ := P"-'^{Uq). It holds 



(D.4) 



0± = s-lim r2± (r) . 

Let ii^o(') be spectral measure of J7o defined on the Borel subsets of T. We set Eq'^{-) := 
P°-'^{Uo)Eo{-)- A straightforward computation gives 

n+{r) := p-^ + r f -^^VdE^^iO, (D.5) 
Jt I - rQU 

n.{r) p-^-r [ —^^VdE^^iC). (D.6) 

Using C/*F = -y*;7o we find 

17_(r) := + r / ^ F*di;o-(C). (D.7) 
jf 1 — r(,u 

Furthermore, from (jP.sp and (jP.Tp we get 

il+iry = p-- + rJ^dES''iC)V*j-^ (D.8) 

f]_(rr = PS' + r f dE^^OV-^ (D.9) 
Notice that w-limr-t-i 174- (r)* — Similarly, we find the representations 



n+{r) = P,r + r f dE{C)V \j^ PS' 



n^{r) = p---r I dE{OV—^=-PS 



C_ 



ac 



Using again [/*U = -U*?7o we get 



n+{r) = p--^r [ dEiC)V*—^-—PS' (D.IO) 
n.{r) = Po- + r / dEiOV* % P^^. (D.ll) 
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We consider the transition operator T := ^{Po"^ ^ S). Notice that 

S = P'"'{Uo) - 2TTiT. 

In fact the operator T acts only on J3°'^(C/o). Since the scattering operator S commutes with Uq 
the transition operator T also commutes with Uq. With respect to the spectral representation 
n(C^o'^) = {i^(Tr, di'lC), ()(C)), M, $} the transition operator T takes the form of a multiplication 
operator AIt induced by a measurable family {T(C)}^gT of bounded operators. Obviously, we 
have 

S{X) = /„(c) - 2mT{C) (D.12) 

for a.e. C £ T. The family T{() of bounded operators is called the transition matrix of the 
scattering system S . We are going to compute the measurable family {T(C)}^gT- 

Theorem D.2. Let S = {U,Uo} be a £,i- scattering system. With respect to the spectral repre- 
sentation Ii{U§^) = {L^{T,di'{C),t){C)), M,^} of Uq^ , cf. Appendix\^ the family of transition 
matrices {r(C)}^gT admits the representation 



no = icvW)ziovn<) (d.is) 

for a.e. C G T with respect to v where Z(C^) := o-lim^-^i Z{r(^) and 

Z{0:=G* +G*Cj^^CG\ C e © {z e C : |e| < 1}. (D.14) 
Proof. Obviously we have 

2i-K +^ + ' 

We set 

nr) = ^^X{^+{r)-nAr)). 
Notice that T = s-lim,,^i T{r). Using the representations (jP.lOp and (|D.lip we get 



ac 




which yields 

Let us introduce the notation 

nr,s):=^J^^'-^ldE-imU^)V*^J^^ 0<r,s<l. (D.15) 

Since w;-lims-|-i fi^(s) = Q*^ it seems natural to expect that w-lim^^i r(r, s) ~ T{r) for < r < 1. 
Indeed, integrating by parts we get 



and 
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Because A , , ^°tS_,y> is bounded for r e [0, 1) wc find that 

wliicli proves w-linis^i T{r, s) = T{r) for < r < f . From (jP.Sp we get 

f)+(s)*=^di?o-(C)|/ + sy*-^— (D.16) 
Inserting (|m6)) into (|m5|) we obtain 

where C G T. Using (|D.2p and the notation (jD.14p we get 



Inserting the representation 



into (|DT7l) we find 
which leads to 

Applying the map $ : ^"""{Uo) — > L^{T,dv{C), f)(C)) we obtain 



(<i>T(r,s)<i>-V)(C) 



l + r ^ 27r 7t |l-rCCP 

where / G ^^(T, dz^(C), 1)(C)). We set 



X(s;C) VnO^K), CeT, < s < 1. (D.18) 



Notice that X(s; C) S £2(^1) for a.e. CeT. Since X{s) ;= £2 - lim^^i X(s; C) = ^JY{s)Z{s) exists 
for a.e. C G T there is a Borel subset A(e) C T for every e > such that ^(A(e)) < e and 

Cx(£) :=sup{||X(s;C)||£. :CeTr\A(£), < s < 1} < 00 (D.19) 

is valid. We note the existence of the set lS.{e) follows from Egorov's theorem. 
Using that observation we get 

($£;o-(T \ A(e))T(r)$-i 7)(C) = w-ME^^^{T \ A){e))Tir, ,s)$-i / )(C) 

f 
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for a.c. C G T with respect to v and / e L'^{T,dv{C,), t)(C))- Finally, taking the limit r f 1 we get 

($i;o"=(T\A(e))r$-i7)(C) = 

hm$ii;o-(T\A(£))T(r)<i>-i/)(C) -*CxT\A(s)(C)ynO^(C) 7^0/(0 

for a.e. ^ € T with respect to v and / € i^(T,dz/(C), fl(C)) where it was used that 

5(C) = ^lim V- / ^^^^5(0^^(0, ? ei^T,dKC),f)(C)), 
2 rti 27r |1 - rC^I^ 

in the L^.sense, see [H Section I.D.2]. If /(C) £ i°°(T, di/(C), f)(C)), then V'F(C)7(C) e 
L2(T,di^(C),f)(C))- Hence we find that 

(T(c) 7)(c) = *cvnc)^(c) Tno 7(0, 

for a.c. C e T \ A(e) and / G L°°(T, di/(C), fi( C)) w hich yields (|Dl3l) for a.e. C e T \ A(e). Since 
e can be chosen arbitrary small we we prove (|D.13p . □ 

From (|D.12p and (|D.13p we get that the scattering matrix admits the representation 

^(C) - A(c) + 27:C^/W)Z{0VnC) 

for a.e. C e T. Since |15(C)||ii(c) = 1 for a.c. C e T we get ||5(C) - /f,(C)llii(C) ^ 2 for a.c C e T 
which yields 

\\^/m)z{0^/W)\\m<l 

for a.e. C G T. In fact, this estimate can be proved directly. 

Corollary D.3. Let the assumptions of Theorem \D.2\ he satisfied. Then the following holds: 

(i) For 7 e L^{T,dv{C)MC}) we have 

{m*_{r)VP-'^{Uo)'f-'fm^[K{r;(:,Of{OdHO. re[OA), (D.20) 

for a.e. ( € T with respect to v where K{r;C,^) := y^Y{C) Z {rQ* ^/Y{Cj , C,^ € T. 

(ii) For 7 e L^{T,dv{C),h{0) we have 

{m*_vp-%Uo)^-'fm^ I KiCOfiOdHO- (D.21) 

jt 

for a.e. (eT with respect to v where K \/Y{C) Z{Cy^jY{£), C,C G T. 

(iii) For a.e. C, £ T with respect to v one has the representation T{(^) ~ i(^ K{(^, Q* . Moreover, 
T(C) e £i(fl(A)) for a.e C e T with respect to v, ||T(C)||6i e L'^(T,dv{C)) and 

I \\T{0\U,dv{0<\\V\k,. (D.22) 

In addition one has 

i^{n*_V) = / tr(X(C,C))di^(C) = * / Ctr(T(C)*)di^(C). (D.23) 
Jt Jt 
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Proof, (i) Let K{r) := n*_{r)V. Using (ID:91) we get 

K{r)P„^^ = \pS' + r f dES'iC)V-^y-]vP,-^ 

which leads to 

X(r)Po-= / dES'{C)c\G + rGC-^y-CG] [ CdE^^O- 
Jt L / - rQU J Jt 

From (|D.14[) we get 

Z(rCy = G + rGC 

I-rCU 

which yields 

K{r)P„-' = [ dE^%C)GZ{rCr [ CdE^'iO- 
Jt Jt 

Thus 

Jt 

f G L'^{T,dv{C), ti(C)) which verifies (Id:201) . 

(ii) Following the proof of Theorem ID.2I we set 

X.(r;C) := VnO^K)*, C € T, < r < 1. (D.24) 

As above, using the existence of ^*(C) ^,2 — hm^^i X{r; = ^/Y{()Z{()* for a.e. ( with 
respect to v we find that for each e > there is a Borel subset A*(e) C T satisfying iy{A^{e)) < e 
such that the condition 

Cx.(£) :=sup{||X4s;C)|k, :CeT\A,(£), < s < 1} < oo. (D.25) 

Using K := w-limr-t-i K{r) = il*_V we get 

w;-lim($£;'''=(T \ A^,{e))n*_{r)V P(}^^-^ /)(C) = 
Jt 

/ g L^(T, (iz^(C), (]((■)), which proves (|D.2ip for a.e. C e T \ A*(e) with respect to i/. Since e is 
arbitrary (|D.2ip holds for a.e. C eT. 

(iii) By 01 Proposition 7.5.2] we find that ||A'(C,C)||£i e iHTr,rf!^(C)) and 

/ ||if(C,C)l|£,dKC)<l|Al£,. 
Jt 

From (|m3l) we get tha t T(C) = <A'(C,C) for a.e. C G T with respect to i^. Thus \\T{()\\y^, e 
Li(T,dz^(C)) and (|D?22l) is valid. Using again [Ml Proposition 7.5.2] we find 

tr{n*_V) = tiiK) = f tr{K{C,C))dHO- 
Jt 

By T(C) = iCKiC, we prove dESSj. □ 
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